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On the basis of symbolic computation a generalized sub-equation expansion method is presented
for constructing some exact analytical solutions of nonlinear partial differential equations. To illus-
trate the validity of the method, we investigate the exact analytical solutions of the inhomogeneous
high-order nonlinear Schrödinger equation (IHNLSE) including not only the group velocity disper-
sion, self-phase-modulation, but also various high-order effects, such as the third-order dispersion,
self-steepening and self-frequency shift. As a result, a broad class of exact analytical solutions of the
IHNLSE are obtained. From our results, many previous solutions of some nonlinear Schrödinger-type
equations can be recovered by means of suitable selections of the arbitrary functions and arbitrary
constants. With the aid of computer simulation, the abundant structure of bright and dark solitary
wave solutions, combined-type solitary wave solutions, dispersion-managed solitary wave solutions,
Jacobi elliptic function solutions and Weierstrass elliptic function solutions are shown by some fig-
ures.
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Solutions.
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1. Introduction

The search for a new mathematical algorithm to dis-
cover exact solutions of nonlinear partial differential
equations (NLPDEs) is an important and essential task
in nonlinear science. Many methods have been devel-
oped by mathematicians and physicists to find spe-
cial solutions of NLPDEs, such as the inverse scatter-
ing transformation [1] and Darboux transformation [2],
the formal variable separation approach [3], the Ja-
cobi elliptic function method [4], the tanh method [5 –
8], various extended tanh methods [9 – 15], and
the generalized projective Riccati equations method
[16, 17].

Recently, Fan [18] developed a new algebraic
method which further exceeds the applicability of the
tanh method in obtaining a series of exact solutions of
nonlinear equations. More recently, Yan [19], Chen et
al. [20] and Yomba [21] have further developed this
method and obtained some new and more general so-
lutions for some NLPDEs.
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In this paper, firstly, on the basis of the work done
in [5 – 21], we will propose a generalized sub-equation
method by a more general ansatz, so that it can be
used to obtain more types and general formal solu-
tions, which include a series of nontravelling wave and
coefficient function solutions, such as bright-like soli-
tary wave solutions, dark-like solitary wave solutions,
W-shaped solitary wave solutions, combined bright
and dark solitary wave solutions, single and combined
nondegenerate Jacobi elliptic function solutions and
Weierstrass elliptic doubly periodic solutions for some
NLPDEs. Secondly, to illustrate the validity of the pro-
posed method, we will investigate some exact analyti-
cal solutions of the following inhomogeneous higher-
order nonlinear Schrödinger equation (IHNLSE) [22],
which governs the envelope wave equation for fem-
tosecond optical pulse propagation in inhomogeneous
fibers:

qz = i(α1(z)qtt + α2(z)|q|2q)+ α3(z)qttt

+ α4(z)(|q|2q)t + α5(z)q(|q|2)t +Γ (z)q,
(1)
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where q(z, t) represents the complex envelope of the
electrical field, z is the normalized propagation dis-
tance, t is the normalized retarded time, and α1(z),
α2(z), α3(z), α4(z), and α5(z) are the distributed pa-
rameters, which are functions of the propagation dis-
tance z, related to the group velocity dispersion (GVD),
self-phase-modulation (SPM), third-order dispersion
(TOD), self-steepening, and the delayed nonlinear re-
sponse effect, respectively. Γ (z) denotes the ampli-
fication or absorption coefficient. The study of the
IHNLSE (1) is of great interest due to its wide range
of applications. Its use is not only restricted to opti-
cal pulse propagation in inhomogeneous fiber media,
but also to the core of dispersion-managed solitons and
combined managed solitons. In [23], exact multisoli-
ton solutions of (1) are presented by employing the
Darboux transformation based on the Lax pair. An ex-
act dark soliton solution of the IHNLSE (1) has been
obtained in [24]. When Γ (z) = 0 in the IHNLSE (1),
two exact analytical solutions, that describe the modu-
lation instability and the soliton propagation on a con-
tinuous wave background, are obtained by using the
Darboux transformation [25]. Using a direct assump-
tion method, Yang et al. [26] presented three exact
combined solitary wave solutions for the IHNLSE (1),
analyzed the features of the solutions and numeri-
cally discussed the stabilities of these solutions un-
der slight violations of the parameter conditions and
finite initial perturbations for some exact analytical so-
lutions. Besides the results mentioned above, in re-
cent years, many authors have analyzed the nonlin-
ear Schrödinger-type equation from different points of
view and have obtained some interesting and signifi-
cant results, such as in [27 – 38].

The present paper is organized as follows: In Sec-
tion 2, the generalized sub-equation expansion method
is presented. In Section 3, the proposed method is ap-
plied to investigate the IHNLSE (1) and a series of
exact analytical solutions of the IHNLSE (1) are ob-
tained. Furthermore some figures are given with com-
puter simulations to show the properties of the kink
profile solitary wave solutions, bright-like and dark-
like solitary wave solutions, Jacobi elliptic function so-
lutions and Weierstrass elliptic function solutions. Fi-
nally, some conclusions are given briefly.

2. The Generalized Sub-Equation Expansion
Method

Now we establish the generalized sub-equation ex-
pansion method as follows:

Given a NLPDE with, say, two variables {z, t}:

E(u,ut ,uz,uzt ,utt ,uzz, · · · ) = 0. (2)

Step 1. We assume that the solutions of (2) are as
follows:

u(z, t) =
A0 + ∑M

i=1 φ i−1(ξ ) [Aiφ(ξ )+ Biφ ′(ξ )]
a0 + ∑N

j=1 φ j−1(ξ ) [a jφ(ξ )+ b jφ ′(ξ )]
, (3)

where A0 = A0(z, t), Ai = Ai(z, t), Bi = Bi(z, t) (i =
1, · · · ,M), a0 = a0(z, t), a j = a j(z, t), b j = b j(z, t) ( j =
1, · · · ,N), ξ = ξ (z, t) are all differentiable functions
of {z, t}, and the new variable φ = φ(ξ ) satisfies

φ ′2(ξ ) =
(

dφ(ξ )
dξ

)2

= h0 + h1φ(ξ )+ h2φ2(ξ )

+ h3φ3(ξ )+ h4φ4(ξ ),
(4)

where hi (i = 0,1,2,3,4) are constants.
The parameters M and N can be determined by bal-

ancing the highest-order derivative term and the non-
linear terms in (2). M,N are usually positive integers; if
not, some proper transformation u(z, t)→ um(z, t) may
be used in order to satisfy this requirement.

Step 2. Substituting (3) along with (4) into (2), ex-
tracting the numerator of the obtained system, separat-
ing the system into a real and imaginary part, then set-
ting the coefficients of φ i(ξ )(φ ′(ξ )) j (i = 0,1, · · · ; j =
0,1) to zero, we obtain a set of over-determined PDEs
[or ordinary differential equations (ODEs)] with regard
to the differential functions A0, Ai, Bi (i = 1,2, · · · ,M),
a0, a j, b j ( j = 1,2, · · · ,N), ξ and the varying differen-
tial function coefficients included in (2).

Step 3. Solving the overdetermined PDEs (or
ODEs) by a symbolic computation system (Maple), we
would end up with the explicit expressions for A0, Ai,
Bi (i = 1, · · · ,M), a0, a j, b j ( j = 1, · · · ,N), ξ and the
functions coefficients or the constraints among them.

Step 4. By using the results obtained in the above
steps and the various solutions of (4), a rich set of so-
lutions for (2) can be expected.

By considering the different values of h0, h1, h2, h3
and h4, we can derive that (4) admits a series of fun-
damental solutions. For simplicity, we only list some
hyperbolic function solutions, Jacobi elliptic function
solutions, and Weierstrass elliptic doubly periodic so-
lutions as follows.
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Case 1. If h0 = h1 = 0, two solutions of (4) are
derived:

φ1
I (ξ ) = −4h2C0sech(

√
h2ξ )

{
2C0h3sech(

√
h2ξ )

− (∆1 + 1) tanh(
√

h2ξ )+ (∆1 −1)
}−1

,
(5)

φ2
I (ξ )=−4h2C0sech(

√
h2ξ )

{
2C0h3sech(

√
h2ξ )

+ (∆2+C2
0) tanh(

√
h2ξ )+(∆2−C2

0)
}−1

,
(6)

where h2 > 0, C0 = exp(
√

h2C1) is an arbitrary con-
stant, and ∆1 = C0

2(4h2h4−h3
2), ∆2 = (4h2h4−h3

2).
If further choosing the parameters h2, h3, h4, ∆1, ∆2,

and C0 in (5) and (6), we can derive the sech-type so-
lutions

φ3
I (ξ ) = −h2

h3
sech2

(√
h2

2
ξ
)

,

h0 = h1 = h4 = 0, ∆1 = −1 (or ∆2 = −C2
0),

(7)

φ4
I (ξ ) =

√
−h2

h4
sech

(√
h2ξ
)

, h0 = h1 = h3= 0,

h4 < 0, ∆1 = −1(or ∆2 = −C2
0). (8)

Case 2. If h1 = h3 = 0, the Jacobi elliptic function
solutions for (4) can be derived:

φ1
II(ξ ) =

√
−h2m2

h4(2m2 −1)
cn

(√
h2

2m2 −1
ξ ,m

)
,

h4 < 0, h2 > 0, h0 =
h2

2m2(1−m2)
h4(2m2 −1)2 ,

(9)

φ2
II(ξ ) =

√
−h2

h4(2−m2)
dn

(√
h2

2−m2 ξ ,m

)
,

h4 < 0, h2 > 0, h0 =
h2

2(1−m2)
h4(2−m2)2 ,

(10)

φ3
II(ξ ) =

√
−h2m2

h4(m2 + 1)
sn

(√
− h2

m2 + 1
ξ ,m

)
,

h4 > 0, h2 < 0, h0 =
h2

2m2

h4(m2 + 1)2 ,

(11)

where 0 ≤ m ≤ 1 is a modulus.
If m → 1 and m → 0, the Jacobi functions degener-

ate to the hyperbolic functions and the trigonometric
functions, respectively, i. e.

m → 1,

snξ → tanhξ , cnξ → sechξ , dnξ → sechξ ;
(12)

m→ 0, snξ → sinξ , cnξ → cosξ , dnξ → 1. (13)

Therefore, when m → 1, the solutions (9) and (10) de-
generate to the solution (8), and the solution (11) de-
generates to the following solitary wave solution:

φ4
II(ξ ) =

√
− h2

2h4
tanh

(√
−h2

2
ξ

)
,

h0 =
h2

2

4h4
, h1 = h3 = 0, h2 < 0, h4 > 0.

(14)

Case 3. If h2 = h4 = 0, (4) has the following Weier-
strass elliptic doubly periodic type solution:

φIII(ξ ) =℘
(√

h3

2
ξ ,g2,g3

)
,

where h3 > 0, g2 = −4
h1

h3
, g3 = −4

h0

h3
.

(15)

Remark 1. 1) The ansatz (3) presented in this paper
is more general than the ansatz by some authors [18 –
21]. (i) When a0 = 1, ai = bi = 0 (i = 1,2, · · · ,N),
Ai,Bi (i = 0,1,2, · · · ,M) are all constants and ξ =
ξ (z, t) is only a linear function of {z, t}, our ansatz in
the paper is changed into the ansatz in [18 – 20]. By this
ansatz, we only obtain the travelling wave solutions of
given PDEs. (ii) When Bi = 0 (i = 1,2, · · · ,M), a0 = 1,
and a j = b j = 0 ( j = 1,2, · · · ,N), Ai (i = 0, · · · ,M) and
ξ are undetermined functions of {z, t}, the ansatz is
changed into the ansatz in [21].

2) Theoretically speaking, one could introduce
terms up to 6th, to 8th etc. order or even consider terms
of infinite order which might be summed up to give
rise to a functionally completely new ansatz. Due to
complexity of the computation, the PDEs (or ODEs)
systems derived may not be solved in most cases.

3) In order that the PDEs (or ODEs) derived in
step 2 can be solved by symbolic computation, we usu-
ally choose some special forms of Ai, Bi, a j, b j and ξ .

3. Exact Analytical Solutions of the Inhomo-
geneous Nonlinear Schrödinger Equation

We now investigate the IHNLSE (1) with the gen-
eralized sub-equation expansion method of Section 2.
According to the method, we assume that the solutions
of the IHNLSE (1) are of the special forms

q(z, t) =
A0(z)+ A1(z)φ(ξ )+ B1(z)φ ′(ξ )

1 + a1(z)φ(ξ )+ b1(z)φ ′(ξ )
· exp

{
i[t2λ2(z)+ tλ1(z)+ λ0(z)]

}
,

(16)
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Fig. 1. Evolution plots of the solution (20) with the parameters: α1(z) = α3(z) = sin(z), h2 = 2, h3 = −1, c0 = 1, c1 = 1,
c2 = 0.1, c4 = 0, µ = 0.1. (a) Γ (z) = 0.01; (b) Γ (z) = −0.4sin(2z)/(1 − 0.4sin2 z); (c, d) spatial Fourier spectra of the
solution (20) corresponding to Fig. 1a and Fig. 1b, respectively.

where

ξ = ξ (z, t) = p(z)t + η(z), (17)

and A0(z), A1(z), B1(z), a1(z), b1(z), λ0(z), λ1(z),
λ2(z), p(z), and η(z) are real functions of z to be de-
termined, and φ(ξ ) satisfies (4).

Substituting (16) and (17) along with (4) into the
IHNLSE (1), removing the exponential term, collect-
ing the coefficients of the polynomial of φ(ξ ), φ ′(ξ )
and t of the resulting system’s numerator, then sep-

arating each coefficient into the real part and imagi-
nary part and setting each part to zero, we obtain an
ODE system with respect to the differentiable func-
tions α1(z), α2(z), α3(z), α4(z), α5(z), A0(z), A1(z),
B1(z), a1(z), b1(z), λ0(z), λ1(z), λ2(z), p(z), and η(z).
For simplicity, we omit the ODE system in this paper.

Solving the ODE system with the symbolic compu-
tation system Maple, we obtain a rich set of solutions
of the system. For simplicity, we omit the too complex
and the trivial solutions. Then together with the solu-
tions of the ODE system and (5) – (17), the following
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10 families of solutions to the IHNLSE (1) can be de-
rived.

Family 1.

q1(z, t) =
a1(z)φI(ξ )
1 + µφI(ξ )

exp(i(c2t + λ0(z))), (18)

where

a1(z) = c0 exp
[∫

Γ (z)dz
]
, h3 = 2µh2, h0 = h1 = 0,

ξ = c1(t +
∫

(c1
2h2−3c2

2)α3(z)−2c2α1(z)dz)+c4,

α5(z) = −3
2

(−2µ2h2 + 2h4)c1
2α3(z)

(a1(z))2 − 3
2

α4(z),

α2(z) = − 1
(a1(z))2

[
(−2µ2h2 + 2h4)c1

2α1(z)

+ (−6c2µ2h2 + 6c2h4)c1
2α3(z)

]
−α4(z)c2,

λ0(z) =
∫

(c1
2h2 − c2

2)α1(z)

+ (3c1
2c2h2 − c2

3)α3(z)dz+ c3. (19)

Here µ , h2, h4, c0, c1, c2, c3, c4, c5 are arbitrary con-
stants, and α1(z), α3(z), α4(z), Γ (z) are arbitrary func-
tions of z.

If furthermore h4 = 0, from φ3
I and (18) the follow-

ing solution of the IHNLSE (1) can be derived:

q11(z, t) =
a1(z)h2

−h3 cosh
(√

h2
2 ξ

)2
+ µh2

· exp(i(c2t + λ0(z))).

(20)

In this situation, the solution (20) describes a
bright-like solitary wave with the amplitude and the
width determined by a1(z) = c0 exp[

∫
Γ (z)dz] and√

h2c1/2, respectively. We note that the time shift
[χ(z) = −

∫
(c1

2h2 −3c2
2)α3(z)−2c2α1(z)dz] and the

group velocity [V (z) = dχ/dz = 2c2α1(z)− (c1
2h2 −

3c2
2)α3(z)] of the solitary wave are dependent on z,

which leads to a change of the center position of the
solitary wave along the propagation direction of the
fiber, and means that we may design a fiber system to
control the time shift and the velocity of the solitary
wave.

In order to understand the evolution of these so-
lutions expressed by (20), let us consider a soliton
management system, where the system parameters are
trigonometric and hyperbolic functions. For simplicity,

we only consider some examples for each solution ob-
tained in Family 1 – 10 under some special parameters.

Figure 1a presents the evolution plots of the solu-
tion (20) with Γ (z) = 0.01 > 0, which corresponds
to a dispersion increasing fiber. From it we can see
that the intensity of the solitary wave increases when
Γ (z) > 0, and the time shift and the group velocity of
the solitary wave are changing while the solitary wave
keeps its shape in propagating along the fiber. Fig-
ure 1b presents the evolution plots of the solution (20)
with Γ (z) = −0.4sin(2z)/(1− 0.4sin2 z), which cor-
responds to a fiber, whose dispersion is periodically
changing. From it we can see that the intensity of the
solitary wave changes periodically, and the time shift
and the group velocity of the solitary wave are also
changing while the solitary wave keeps its shape in
propagating along the fiber. Especially when Γ (z)→ 0,
we can derive that the amplitude of q11(z, t) keeps in-
variable, unlike in Fig. 1, the amplitude of q11(z, t) ei-
ther increases exponentially or changes periodically.
Figures 1c and 1d are the spatial Fourier spectra of
the solution q11(z, t) corresponding to Figs. 1a and 1b,
respectively. From the Fourier spectra of the solution
q11(z, t), we can derive that the solution q11(z, t) is
dominant for low frequencies.

Family 2.

q2(z, t) = c0 exp
[∫

Γ (z)dz
]
(c1 + c2φI + c7φ ′

I(ξ ))

· exp(i(c4t + c5)),
(21)

where

ξ = c3t + c6, α1(z) = α3(z) = 0,

α2(z) = −c4α4(z), α5(z) = −3
2

α4(z),
(22)

and h0 = h1 = 0, c7 = 0 (or c7 = 1), and h2, h3, h4, c0,
c1, c2, c3, c4, c5, c6 are arbitrary constants, and α4(z),
Γ (z) are arbitrary functions of z.

From φ3
I and (21), one obtains a solution of the

IHNLSE (1) as follows:

q21(z, t) = c0 exp
[∫

Γ (z)dz
]

·
[

c1 −
h2

h3

(
c2 −

√
h2 tanh

(√
h2

2
ξ
))

sech2
(√

h2

2
ξ
)]

· exp(i(c4t + c5)), (23)

where the corresponding parameters are determined
by (22) and c7 = 1.
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Fig. 2. Evolution plots of the solution (23) with the parameters: Γ (z) = −0.01, h2 = 1, c0 = 1, c3 = 2, c6 = 1. (a) h3 = 0.4,
c1 = 1, c2 = 10; (b) h3 = 10, c1 = 1, c2 = 10; (c) h3 = 0.4, c1 = 10, c2 = 10; (d) h3 = 0.4, c1 = 1, c2 = 0.01.

Because the solution q21(z,t) includes both func-
tion tanh(ξ ) and function sech(ξ ), the solution may
present different shapes. If tanh(ξ ) [sech(ξ )] is domi-
nant, the solution describes the dark solitary wave (the
bright solitary wave). If both effects are nearly equal,
the solution presents a combined bright and dark soli-
tary wave. As shown in Fig. 2, under different parame-
ters {h2,h3,c1,c2}, the shapes of the intensity (23) take
a bright-like solitary wave, dark-like solitary wave,
W-shaped solitary wave and a combined bright and
dark solitary wave, respectively. It is worth noting that
the solitary velocity does not change and there is only
a shape-presenting time shift in the propagation due to
the constant c6. In particular, as shown in Fig. 2d, a
bright solitary wave and a dark solitary wave are found
to combine under some conditions and propagate si-
multaneously in an inhomogeneous fiber.

Family 3.

q3(z, t) = a0(z)
(

1∓
√

2h4

h2
φI

)
· exp(i(c3t + λ0(z))),

(24)

where

a0(z) = c0 exp
[∫

Γ (z)dz
]
,

h0 = h1 = 0, h3 = ∓2
h2h4√
h2h4

,

ξ = c1t− 1
2

c1

∫
4α1(z)c3 +(c1

2h2+6c3
2)α3(z)dz+c7,

α2(z) = − 1
2(a0(z))2

[
2α4(z)(a0(z))2c3 + α1(z)c1

2h2

+3α3(z)c1
2c3h2(a0(z))2],
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Fig. 3. Evolution plots of the solution (26) with the parameters: α1(z) = α3(z) = cos(z), h2 = h4 =C0 = 1, c0 =−2, c1 = 0.4,
c3 = 0.2, c7 = 0. (a) Γ (z) = 0.001; (b) Γ (z) = 0.01sin(z).

α5(z) = −3
4

c1
2α3(z)h2 + 2(a0(z))2α4(z)

(a0(z))2 ,

λ0(z) =
1
2

∫
(−2c3

2 − c1
2h2)α1(z)

+ (−2c3
3 −3c1

2c3h2)α3(z)dz+ c5, (25)

and c0, c1, c3, c5, c7, h2, h4 are arbitrary constants, and
α1(z), α4(z), α3(z), Γ (z) are arbitrary functions of z.

From h3 = ∓2h2h4/
√

h2h4 we obtain ∆1 = ∆2 = 0
in (5) and (6). Thus from (5) and (24) one can obtain a
solution for the IHNLSE (1) as follows:

q31(z, t) = a0(z)
{

1∓
√

2h4/h2
[
−4h2C0sech(

√
h2ξ )

]
·
[
2C0h3sech(

√
h2ξ )− tanh(

√
h2ξ )−1]−1}

· exp(i(c3t + λ0(z))), (26)

where the corresponding parameters are determined
by (25).

Due to the existence of both function tanh(ξ ) and
function sech(ξ ), the solution q3(z,t) may present dif-
ferent shapes. From Fig. 3 one can see that the intensity
of (26) presents mainly kink profile while the solitary
wave propagates along the fiber.

Family 4.

q4(z, t) =
a1(z)(c1 + φI(ξ ))

1 + µφI(ξ )
· exp(i(λ2(z)t2 + c3λ2(z)t + λ0(z))),

(27)

where

ξ = c2λ2(z)
(

t +
1
2

c3

)
+ c5, h0 = h1 = 0,

α1(z) = −1
4

d
dz λ2(z)
(λ2(z))2 , α2(z) =

1
2

( d
dz λ2(z)

)
c2

2h4

(a1(z))2(1 + µc1)2 ,

h3 = 4
c1h4

1 + µc1
, h2 = 4

c1
2h4

(1 + µc1)2 ,

Γ (z) =
1
2

2λ2(z) d
dz a1(z)−a1(z) d

dz λ2(z)
a1(z)λ2(z)

,

λ0(z) =
1
4

(
c2

3 +
2c2

1c2
2h4

(1 + µc1)2

)
λ2(z)+ c4, (28)

and α3(z) = α4(z) = α5(z) = 0, c1, c2, c3, c4, c5, h4,
µ are arbitrary constants, and λ2(z), a1(z) are arbitrary
functions of z.

From (28), we can derive that h2
3 −4h2h4 = 0. Thus

from (8), (27), and (28) a solution of the IHNLSE (1)
can be derived:

q41(z, t) =

√
−2h4α1(z)

α2(z)
c2λ2(z)
1 + µc1

[
4h2 −2c1h3

−c1C0(sinh(
√

h2ξ )+ cosh(
√

h2ξ ))
][

4µh2 −2h3

−C0(sinh(
√

h2ξ )+ cosh(
√

h2ξ ))
]−1

· exp(i(λ2(z)t2 + c3λ2(z)t + λ0(z))), (29)
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Fig. 4. Evolution plots of the solution (29) with the parameters: (a) α1(z) = sin(z), α2(z) = −sin(z), h2 = 1, h3 = 2, c0 = 6,
C0 = 6, c1 = 0.1, c2 = 1, c3 = 1, c5 = 0, µ = −2; (b) α1(z) = 1−0.8sin(4z)2, α2 = −1, h2 = 1, h3 = 2, c0 = 5, C0 = 10,
c1 = c2 = c3 = 1, c5 = 0, µ = −2.

where α1(z) and α2(z) are arbitrary functions of z, and
the corresponding parameters are constrained by

λ2(z) =
1∫

4α1(z)dz+ c0
,

Γ (z) =
α ′

1(z)α2(z)−α1(z)α ′
2(z)

2α1(z)α2(z)
−2α1(z)λ2(z),

ξ = c2λ2(z)
(

t +
1
2

c3

)
+ c5,

h3 = 4
c1h4

1 + µc1
, h2 = 4

c1
2h4

(1 + µc1)2 ,

λ0(z) =
1
4

(
c2

3 +
2c2

1c2
2h4

(1 + µc1)2

)
λ2(z)+ c4.

(30)

Figure 4 presents the evolution plots of the solu-
tion (29) under some special parameters. From Fig. 4a
one can see that, if the main control functions are
α1(z) = sin(z), α2(z) = −sin(z), the intensity of the
solitary wave presents the property of the kink profile
solitary wave, and the time shift is changing while the
solitary wave keeps its shape in propagating along the
fiber. As shown in Fig. 4b, when the main control func-
tions are α1(z) = 1−0.8sin(4z)2, α2 = −1, the inten-
sity of the solution (29) deceases periodically while the
kink profile solitary wave propagates along the fiber.

Family 5.

q51(z, t) =

√
−2α1(z)h4

α2(z)
c1λ2(z)

√
−h2m2

h4(2m2 −1)

· cn

(√
h2

2m2 −1
ξ ,m

)

· exp(i(λ2(z)t2 + c2λ2(z)t + λ0(z))),

(31)

q52(z, t) =

√
−2α1(z)h4

α2(z)
c1λ2(z)

√
−h2

h4(2−m2)

·dn

(√
h2

2−m2 ξ ,m

)

· exp(i(λ2(z)t2 + c2λ2(z)t + λ0(z))),

(32)

q53(z, t) =

√
−2α1(z)h4

α2(z)
c1λ2(z)

√
−h2m2

h4(m2 + 1)

· sn

(√
− h2

m2 + 1
ξ ,m

)

· exp(i(λ2(z)t2 + c2λ2(z)t + λ0(z))),

(33)
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Fig. 5. Evolution plots of the solution (31) with the parameters: α1(z) = 1− 0.8sin(z)2, c0 = 100, c1 = 40, c2 = c4 = 0.
(a, b) α2(z) = 1, h2 = 10, h4 = −1, m = 1; (c, d) α2(z) = −1, h2 = −0.5, h4 = 1, m = 0.9.

where

ξ = c1λ2(z)
(

t +
1
2

c2

)
+ c4, h1 = h3 = 0,

λ0(z) =
1
4
(c2

2 − c1
2h2)λ2(z)+ c3,

λ2(z) =
1∫

4α1(z)dz+ c0
,

Γ (z) =
α ′

1(z)α2(z)−α1(z)α ′
2(z)

2α1(z)α2(z)
−2α1(z)λ2(z),

(34)

and h0, h2, h4 are constrained by the conditions in
φ1

II(ξ ), φ2
II(ξ ) and φ3

II(ξ ), respectively, c0, c1, c2, c3,
c4 are arbitrary constants, α3(z) = α4(z) = α5(z) = 0,
α1(z), and α2(z) are arbitrary functions of z.

From (12), we can derive that the Jacobi elliptic
function solutions q51(z, t), q52(z, t) and q53(z, t) re-
duce to hyperbolic function solution. At the same time,
when m = 1, we can conclude that the width, the group
velocity and the height of the solitary wave solution
q51(z, t) are determined by λ2(z) = 1∫

4α1(z)dz+c0
, c2 and
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Fig. 6. Evolution plots of the solution (35) of the form φ1
II(ξ ) with the parameters: Γ (z) = 0.01, α1(z) = sin(z), α3(z) = sin(z),

h2 = 0.4, h4 = −1, c0 = 1, c1 = 2, c2 = 0.1, c3 = c4 = 0. (a) m = 1; (b) m = 0.9.

√
−α1(z)
α2(z)

λ2(z), respectively. In essentially, the width
and the height are controlled by α1(z) and α2(z), the
velocity is determined by c2. Similarly, we can ob-
tain the control functions and control parameters of
the solitary wave solution q52(z,t) and q53(z, t) un-
der m = 1.

The time-space evolution of the dispersion Ja-
cobi elliptic periodic wave solution (31) is shown
in Figure 5. From Figs. 5a and 5c, the intensities
of the dispersion-managed bright solitary wave and
dispersion-managed dark solitary wave are decreas-
ing periodically while the widths of them are increas-
ing in propagating along the fiber. Figures 5b and 5d
present the periodic properties of the Jacobi elliptic
functions cn(ξ ,m) and sn(ξ ,m).

Family 6.

q6(z, t) = a1(z)φ i
II exp(i(c2t +λ0(z))), i = 1,2,3, (35)

where

a1(z) = c0 exp
[∫

Γ (z)dz
]
,

ξ = c1

(
t+
∫
−2c2α1(z)+(c2

1h2−3c2
2)α3(z)dz

)
+c4,

λ0(z) =
∫

(−c2
2 + c1

2h2)α1(z)

+ (−c2
3 + 3c1

2c2h2)α3(z)dz+ c3,

α2(z) = − 1
(a1(z))2

[
α4(z)(a1(z))2c2 + 2α1(z)c1

2h4

+ 6c1
2h4α3(z)c2

]
,

α5(z) = −3
2

2α3(z)c1
2h4 + α4(z)(a1(z))2

(a1(z))2 ,

h1 = h3 = 0, (36)

and h0, h2, h4 are constrained by the conditions in
φ1

II(ξ ), φ2
II(ξ ) and φ3

II(ξ ), respectively, c0, c1, c2, c3, c4
are arbitrary constants, and α1(z), α3(z), α4(z), Γ (z)
are arbitrary functions of z.

As shown in Fig. 6, when taking φ1
II(ξ ) in the solu-

tion (35), the intensity of the bright-like solitary wave
(m = 1) and the Jacobi elliptic periodic wave (0 < m <
1) are increasing exponentially due to Γ (z) = 0.01 > 0.
If α1(z) and α3(z) take trigonometric periodic func-
tions, the time shift and the group velocity of the soli-
tary wave and Jacobi elliptic wave are changing while
the waves keeps their shape in propagating along the
fiber.

Family 7.

q7(z, t) = c0 exp
[∫

Γ (z)dz
]

·
(
c3 + c2φ i

II(ξ )+ c1(φ i
II(ξ ))′

)
· exp(i(c4t + c5)), i = 1,2,3,

(37)
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Fig. 7. Evolution plots of the solution (37) with the parameters: Γ (z) = −0.01, h2 = 1, h4 = −1, c0 = c3 = c4 = c5 = m = 1,
c6 = 0. (a) c1 = −0.2, c2 = 1; (b) c1 = 0.1, c2 = −0.4; (c) c1 = −2, c2 = 0.4; (d) c1 = 10, c2 = 0.4.

where

ξ = c3t + c6, α1(z) = α3(z) = 0,

α2(z) = −c4α4(z), α5(z) = −3
2

α4(z),
(38)

and h1 = h3 = 0, h0, h2, h4 are constrained by the
conditions in φ1

II(ξ ), φ2
II(ξ ) and φ3

II(ξ ), respectively,
c3 = 0 (or c3 = 1), c0, c1, c2, c4, c5, c6 are arbi-
trary constants, and α4(z), Γ (z) are arbitrary functions
of z.

As shown in Fig. 7, when taking φ1
II(ξ ) in (35), the

shapes of the intensity (35) are determined by c1 and c2
under h2 = 1, h4 = −1, c3 = m = 1. A bright-like soli-

tary wave and dark-like solitary wave are shown in
Figs. 7a and 7b. In particular, as shown in Figs. 7c
and 7d, a bright solitary wave, a dark solitary wave, and
two bright solitary waves are found to be combined un-
der some conditions; they propagate simultaneously in
an inhomogeneous fiber. It is worth noting that the soli-
tary velocity does not change and there is only a con-
stant time shift in propagation due to constant c6. At
the same time, it is necessary to point out that we only
consider some special cases under m = 1. If 0 < m < 1,
the evolution of the solutions is similar to Figs. 5
and 6. For simplicity, we do not simulate them in this
paper.
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Fig. 8. Evolution plots of the solution (39) of the form φ1
II(ξ ) with the parameters: Γ (z) = 0.008, α3(z) = cos(z), h2 = 4,

h0 = 2, c0 = c2 = c3 = m = 1, c4 = c5 = 0, µ = 3. (a) c1 = 10, h4 = −0.1; (b) c1 = −0.4, h4 = −1.

Family 8.

q8(z, t) =
a1(z)(c1 + φ i

II(ξ ))
1 + µφ i

II(ξ )
exp(i(c3t + λ0(z))),

i = 1,2,3,

(39)

where

ξ =c2t− 1
µ(c12µ2−1)

[
(2c2

3µ4h0c1 −2c2
3c1h4

− 3c2c3
2µ3c1

2 −4c2
3c1

2h4µ

+ 4c2
3µ3h0 + 3c2c3

2µ)
∫

α3(z)dz
]
+ c4,

α1(z) = −3α3(z)c3, α2(z) = −α4(z)c3,

λ0(z) = 2c3
3
∫

α3(z)dz+ c5,

α5(z) = −3
2

α4(z)+ 3
c2

2α3(z)(µ4h0 −h4)
(a1(z))2 ,

h2 = −2
µ3h0 + c1h4

(c1µ + 1)µ
, a1(z) = c0exp

[∫
Γ (z)dz

]
,

h1 = h3 = 0, (40)

and h0, h2, h4 are also constrained by the conditions in
φ1

II(ξ ), φ1
II(ξ ) and φ1

II(ξ ), respectively, µ �= 0, c0, c1,
c2, c3, c4, c5 are arbitrary constants, and α4(z), Γ (z)
are arbitrary functions of z.

As shown in Fig. 8, the intensity of a dark-like soli-
tary wave and a W-shaped solitary wave is increasing

exponentially due to Γ (z) = 0.01 > 0. At the same
time, due to the periodicity of the trigonometric peri-
odic functions α3(z), the time shift and the group ve-
locity of the solitary wave and W-shaped solitary wave
are changing while the waves keep their shape in prop-
agating along the fiber.

Family 9.

q9(z, t) =

√
−10h0α1(z)

α2(z)
µ2c1λ2(z)

℘
(√

h3
2 ξ , 2

µ2 , 1
2µ3

)

1+µ℘
(√

h3
2 ξ , 2

µ2 , 1
2µ3

)
· exp(i(λ2(z)t2 + c2λ2(z)t + λ0(z))), (41)

where

ξ = c1λ2(z)t +
1
2

c1c2λ2(z)+ c3, h3 = −8µ3h0,

h1 = 4µh0, h2 = h4 = 0, λ2(z) =
1∫

4α1(z)dz+ c0
,

Γ (z) =
α ′

1(z)α2(z)−α1(z)α ′
2(z)

2α1(z)α2(z)
−2α1(z)λ2(z),

λ0(z) =
3
2

λ2(z)c2
1µ2h0 +

1
4

c2
2λ2(z)+ c4,

α3(z) = α4(z) = α5(z) = 0, (42)
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Fig. 9. Evolution plots of the solution (41) with the parameters: (a) α1(z) = 1−0.8sin(z)2, α2(z) = 10, h0 = −1/8, c0 = 20,
c1 = 8, c2 = 2, c3 = 0, µ = 1; (b) α1(z) = 0.1, α2(z) = 1, h0 = −1/8, c0 = 10, c1 = 8, c2 = −0.40, c3 = 0, µ = 1.

and h0, c0, c1, c2, c3, c4 are arbitrary constants, and
α1(z), α2(z) are arbitrary functions of z.

From Fig. 9 one can see that the evolution of the so-
lution (41) is similar to that shown in Figs. 5b and 5d
if the main control functions α1(z) and α2(z) are of the
same (or similar) forms. As shown in Fig. 9, under the
same (or similar) control functions, the evolution of the
Weierstrass elliptic doubly periodic type solution (41)
is similar to that of the Jacobi elliptic function solu-
tion (31).

Family 10.

q10(z, t) =

c0 exp
[∫

Γ (z)dz
] ℘

(√
h3
2 ξ , 2

µ2 , 1
2µ3

)
1 + µ℘

(√
h3
2 ξ , 2

µ2 , 1
2µ3

)
· exp(i(c2t + λ0(z))),

(43)

where

ξ =c1

(
t−
∫

(6c2
1µ2h0+3c2

2)α3(z)+2c2α1(z)dz
)

+c3,

h3 = −8µ3h0, h1 = 4µh0, h2 = h4 = 0,

λ0(z) =
∫

(−6c2
1µ2h0 − c2

2)α1(z)

+ (−18µ2c2
1c2h0 − c3

2)α3(z)dz+ c4,

α2(z) = − 1
a2

1(z)

[
10µ4h0α1(z)c2

1 + α4(z)a2
1(z)c2

+ 30α3(z)c2
1µ4c2h0

]
,

α5(z) = −3
2

(a2
1(z)α4(z)+ 10α3(z)c2

1µ4h0)
a2

1(z)
,

a1(z) = c0 exp
[∫

Γ (z)dz
]
. (44)

Here h0, c0, c1, c2, c3, c4 are arbitrary constants, and
α1(z), α2(z), α3(z) are arbitrary functions of z.

From Fig. 10 one can see that the evolution of the
solution (43) is similar to that shown in Fig. 6 if the
main control functions α1(z) and α2(z) are of the same
(or similar) forms. Under the same (or similar) control
functions, the evolution of the Weierstrass elliptic dou-
bly periodic type solution (41) is similar to that of the
Jacobi elliptic function solution (35).

Remark 2. 1) The solutions obtained in the present
paper include many previous results by many authors,
such as: a) if c2 = 0, m = 1, the Theorems 1 and 2
in [27] can be reproduced by our results (31) – (33);
b) if m = 1, the solutions (51) and (52) in [17] can
be also reproduced by (31) – (33); c) if setting m = 1
and α3(z) = α4(z) = α5(z) = 0 in Family 6, the solu-
tions (48) and (49) in [17] can be recovered. But to our
knowledge, the other solutions have not been reported
earlier.
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Fig. 10. Evolution plots of the solution (43) with the parameters: h0 = −1, c0 = 1, c1 = 0.1, c2 = 1, c3 = c4 = 0, µ = 1.
(a) Γ (z) = 0.001, α1(z) = α3(z) = cos(z); (b) Γ (z) = 0.001, α1(z) = α3(z) = 1/(4z+4).

2) The solution presenting the property of the bright
solitary wave or dark solitary wave is mainly de-
termined by the function form of the solution. If
the solution is only related to the function tanh(ξ )
or sech(ξ ), the solution describes only the dark soli-
tary wave or bright solitary wave, such as q11(z, t),
q5(z, t) and q6(z,t), each solution presents one form.
But if the solution combines function tanh(ξ ) with
function sech(ξ ), such as q21(z,t), q31(z,t), q41(z, t),
q7(z, t) and q8(z,t), the solution may present various
shapes, which are determined by whose effect is dom-
inant. If tanh(ξ ) [sech(ξ )] is dominant, the solution
describes the dark solitary wave (the bright solitary
wave). If both effects are nearly equal, the solution
presents a combined bright and dark solitary wave.

3) Because the solutions obtained contain some ar-
bitrary functions and arbitrary constants, the solutions
present abundant structures. As shown in the figures,
we found W-shaped solitary waves, combined-type
solitary waves, dispersion-managed solitary waves, pe-
riodic propagating Jacobi elliptic function waves and
Weierstrass elliptic function waves. For simplicity, to
each solution, we only considered some special param-
eter conditions. If taking different parameters in each
solution, abundant structures can be expected.

4. Summary and Discussion

In this paper, on the basis of symbolic computa-
tion, we presented a generalized sub-equation expan-

sion method to construct some exact analytical solu-
tions of nonlinear partial differential equations. Mak-
ing use of the method, we investigated several exact
analytical solutions of the inhomogeneous high-order
nonlinear Schrödinger equation including not only the
group velocity dispersion, self-phase-modulation, but
also various high-order effects, such as the third-order
dispersion, self-steepening and self-frequency shift.
As a result, a broad class of exact analytical solu-
tions of the IHNLSE was obtained, which include
bright and dark solitary wave solutions, combined-
type solitary wave solutions, dispersion-managed soli-
tary wave solutions, Jacobi elliptic function solu-
tions and Weierstrass elliptic function solutions. As
shown in the figures produced by computer simu-
lation, these solutions possess abundant structures.
From our results, many previous solutions of some
nonlinear Schrödinger-type equations can be recov-
ered by means of some suitable choices of the arbi-
trary functions and arbitrary constants. The method
developed provides a systematic way to generate
various exact analytical solutions of the IHNLSE
with varying coefficients and can be used also for
other PDEs. The development of a new mathemati-
cal algorithm to discover analytical solutions, espe-
cially solitary wave solutions, in nonlinear dispersion
systems with spatial parameter variations is impor-
tant and might have significant impact on future re-
search.
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